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In 2 , R. Fintushel and R. Stern introduced the rational blow down, a process which could be 
applied to a smooth four manifold containing one of a family of codimension 0, negative definite 
sub-manifolds. This family of examples were extended in the work of J. Park, [22] ■ In each case, the 
procedure called for removing the negative definite piece and replacing it with a rational homology 
four ball. Furthermore, if the four manifold had a symplectic structure, and the negative definite 
piece was appropriately embedded with respect to this structure, M. Symington showed that the 
resulting manifold would have a symplectic structure. 

The importance of the procedure derives from the possibility that it preserves some of the Seiberg- 
Witten 1 basic classes of the original manifold. It could thus be used to construct new examples 
of homotopy equivalent but non-diffeomorphic four manifolds. Additionally, through clever topo- 
logical manipulation, it allowed the computation of the Seiberg-Witten invariants for the result of 
p-log transforms on certain four manifolds. In particular, the computation of the Seiberg-Witten 
invariants for logarithmic transforms in cusp neighborhoods was then achieved. 

Recently, further extensions of this procedure have been announced, [21], In |25] it is noted 
that another family of examples built around Wahl singularities, [21], could also give rise to ways to 
alter symplectic four manifolds and that in a general class of manifolds, plumbings of spheres along 
trees, these Wahl examples, when added to those of Fintushel, Stern, and Park, rounded out all the 
possibilities for symplectic operations. In [TT], a further theoretical generalization has been 

discovered allowing for the possibility of blowing down in the presence of positive scalar curvature. 

This paper studies the effect of similar operations on the Ozsvath and Szabo four manifold in- 
variants, 0]. In particular, we will verify that, as conjectured, all the previously known effects of 
rational blow downs on Seiberg-Witten or monopole invariants have direct analogs for the Ozsvath 
and Szabo four manifold invariants. Pending the results of S. Jabuka and T. Mark, [5], these will 
extend the calculations of the four manifold invariants to log transforms, just as the original blow 
downs did. However, more can be said about when the invariants will be preserved, and, to a 
topologist, a more hands on account of the structure can be given. In particular, we can describe 
precisely the effect on the Spin structures. Furthermore, we can construct more families of exam- 
ples which exceed those of [3] since the relevant three manifolds will probably be hyperbolic, and 
provide other possibilities beyond those considered in 25 (although how to find such families in 
actual four manifolds is unclear). All of these examples rest upon several of Ozsvath and Szabo's 
main results in [201, E2, and HE] . 

To be precise, we will study the effect of generalized blow-ups: 

Definition 0.1. Suppose Y is a rational homology sphere which is the oriented boundary of a rational 
homology ball B and a negative definite four manifold, C . If Xb is a four manifold containing 
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B as an embedded codimension piece, and ip £ Diff + (y), the (C,ip)-blow up of Xb is Xc = 
{X B -B)\J V C. 

We start by collecting some facts from Ozsvath and Szabo's papers about rational homology balls 
and negative-definite cobordisms. This is followed by a proof of the main result and some simpli- 
fications of its statement. We then verify that the Seiberg-Witten results for basic classes can be 
established in this context. Having this theory in hand we go about analyzing all the various ex- 
amples that were previously known and drawing out some of the conclusions. Finally, we introduce 
and analyze some new examples. 

1. Heegaard-Floer results for rational homology balls 

Let B be a rational homology four ball with boundary dB — Y, a rational homology sphere. We 
start by citing a result (Prop 9.9) from |13| : 

Proposition 1.1. The map F B a u is an isomorphism for all Spin c structures on B. 
We will need the following standard 

Definition 1.2. |19j A torsion Spin structure 5 on Y is an L-structure if HF Ic ^(Y,s) = 0. Y is 
an L-space if it is a rational homology sphere and all its Spin c structures are L-structures. 

Note: From the set of L-spaces is closed under connect sum and has the property that if K C Y 
is a framed knot and Y^ and Y$ are both L-spaces then so is Y\ , where Yj is the result of «-surgery 
on K. All three manifolds with elliptic geomoetry are L-spaces, but there are others. 

If we employ the long exact sequence for the flavors of Heegaard-Floer homology we obtain 

Lemma 1. The maps Fg and Fg u are isomorphisms onto HF^ z (Y,t)/HF re d- If S — u|y is an 
L-structure these maps are isomorphisms onto HF^(Y,t). In particular, if Y is an L-space, then 
these maps are isomorphisms for every u. 

Proof: The diagram below includes the vanishing of the connecting homomorphism for S 3 . Since 
the middle map is an isomorphism, and the lower sequence splits, we immediately sec that Fg and 
Fq u are non-trivial. 



-+HF-(Y,s)- 



F, 



(B,u) 



HF-(S 3 



->HF°°{Y,s) 



F, 



(B,u) 



-> HF°°(S 3 ) 



-+HF+(Y,s) 



F + 



■HF+{S 3 



5* 



The isomorphism property follows from the fact that d(Y,u\y) — since (B,u) induces a rational 
homology, Spir^-cobordism to the standard structure on the three sphere. Furthermore, the grading 
shift induced by any Spin structure on B will be 0. Thus for any s found by restriction from a Spin 
structure on B, the map F + will be an isomorphism, if it is non-trivial, onto HF + (Y,s)/HF re d- 
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The analogous statement for F~ then follows from the exact sequence above and the structure the- 
orem for the tower portion for torsion Spin c structures. When s is an L-structure, only the tower 
remains, and the map is an isomorphism. When Y is also an L-space, all the cobordism maps will 
be isomorphisms. 

This result should be compared with the use of the reducible solution to the Seiberg-Witten equa- 
tions in the papers by R. Fintushel and R. Stern and Jongil Park. In fact, a negative definite four 
manifold with L-space boundary will have a similar property. The map F^_ Bi will be an isomor- 
phism for each u. 

The invariant d(Y, s) plays an important role below, so it is useful to recall a theorem by Owens 
and Strlc which strengthens the implications of rational homology cobordism: 

Lemma 2. |12| Let Y be a rational homology sphere and suppose that Y bounds a four manifold X 
which is a rational homology ball. Then \H\{Y; Z)| = t 2 for some t £ N. There is a Spin c structure 
on Y, denoted to, so that d(Y, t + /?) = for all (3 £ lm(H 2 (X: Z) H 2 (Y; Z)). Furthermore, 
if Y is a homology lens space, in particular with cyclic furst homology, then given an ordering of 
the Spin structures {to, . . . , t t 2_ 1 } reflecting the action of H 1 , there is a Spin c structure tj so that 
d{Y,t j+kt ) = Ofork = 0,...,t-l. 

It is also worthwhile to note at this point that the for a tp £ Diff + (Y) we will have 

(1) Let s £ Spin°(Y), then HF+ d (Y, <p*s) = HF+ d (Y,s) as the homolo gies are diffeomorphism 
invariants as Z[J7]-modules. If s is an L-structure on Y, so is tp*S, 

(2) Furthermore, tp preserves grading, so d(Y, tp*s) — d(Y, s) 

2. Heegaard-Floer Homology for Certain other Negative Definite Cobordisms 

Consider first the general situation where the L-space, Y, bounds two negative definite four mani- 
folds W\ and Wi . Suppose W\ is a codimension piece of Xw x and let Xy/ 2 be the result of any 
replacement of W\ by W 2 . Suppose further that there are two Spin c structures Ui on Wi which 
restrict after gluing to the same Spin structure on Y, Let S(W,u) = ci(u) 2 + b 2 (W). Assuming 
everything has trivial rational first homology, we have 

Lemma 3. Suppose S(Wi,Ui) < S(W 2 ,U 2 ) and $x Wl ,u 1 #u(^ t ) + then <S>x W2 ,u 2 #u{U t+n ) ^ 
where 8n = S(W 2 ,u 1 ) - S{W 1 ,u 2 ). 

The proof is a straightforward matching of maps on the various pieces. Since the image of these two 
maps lie in the same Spin structure in an L-space, the difference is in fact divisible by 8, so n is an 
integer. This is the analog of the theorem in |3] when applied to Y with positive scalar curvature. 
The crucial question is when can we match the degree shifts exactly. In Heegaard-Floer homology 
several powerful results already exist which do just that: they characterize certain negative definite 
manifolds which are "sharp" for the degree inequalities. For them more can be said, the interchange 
can preserve basic classes, and the restriction to L-spaces can be weakened. This is shown in the 
next section, after a review of the properties of some of these sharp manifolds. 

Let W be a negative definite cobordism S* 3 — > Y built by adding 2-handles to S 3 x I along un- 
knots, which may well be linked. Usually, we will assume that we have a handlebody presentation 
for W. We let / be the intersection form for W and Char (I) be the characteristic covectors for I, 
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i.e. those linear forms K such that (K, v) = xflv for all v S Span z {/ij}. We denote «' In by t; • u. We 
think of if as an element of H 2 (W; Z), and define J\D[V] using Poincare-Lefshetz duality on W. We 
then let H + (J) = Hom(Char(I), T^~) where we require that the maps have finite support in Char(I) 
and satisfy the relationship: if 2n = (K, v) + v ■ v and n > then U n (j)(K + 2PD[v]) = <p{K), but if 
n < then <f>(K+2PD[v]) = LJ- n (t>{K). By acting through T + we think of this set as a Z[C/]-module. 

H+(7) = ® ie spin c (dW) t) where we can consider Spin c (dW) to be the orbits in H 2 (W; Z) 

under the action of 2H 2 (W,dW; Z), a lattice spanned by the vectors PD[hi], for all the homology 
classes determined by hi, the two handles. The sets H + (W, t) are those maps supported on the orbit 
for t. 



Then W induces a map 



T w : HF + {-Y) ^H+(J) 

by 

T w (0 = where = F+ Uff (0 

where i^ UK is the cobordism map induced by the Spin structure corresponding to K. This sat- 
isfies the conditions to be in Char(I) by the generalized adjunction property of 14 applied to the 
spheres which represent the homology classes [hi]. Furthermore, Tw maps HF + (Y, s) to H + (/,s). 

There is a grading on H + (J) given by specifying that a map <fi is homogeneous of degree d if 
for each characteristic vector K with 4>(K) ^ 0, <fi(K) is homogeneous and satisfies: 

'K 2 + b 2 {wy 



deg^(K)) 
where K 2 is computed using I" 1 . 

Definition 2.1. W will be called sleek when dW is a rational homology sphere, Tw is a grading 
preserving isomorphism, and for any Spin c structure 5 on dW we have 

d(Y,s) = max — - 

{if£Char t (/)} 4 

By the fundamental result in |2()| . this definition is not meaningless. 

2.1. Known Results for sleek Manifolds. We first give a synopsis of the result in [20] - Let G be 

a tree with an ordering of its vertices and a map m : V(G) — > Z, defined on the vertices. Let d(v) be 
the valence of v. We can construct a symmetric matrix / = (a^ ) by setting an = m(vi) and = 1 
if Vi and vj are joined by an edge, otherwise. This is the intersection matrix for H2[W(G); Z), 
where W(G) is the simply connected four manifold obtained by considering G to define a plumbing 
of disc bundles over 2-spheres with Euler numbers m(vi). G is said to be negative definite when I 
is negative definite. We call a vertex of G a "bad" vertex if d(v) > —m(v). 

The main theorem of (201 states that 

Theorem 1. Let G be a negative- definite graph with at most one bad vertex, then W(G) is a sleek 
negative definite four manifold. 



There is also a generalization to the case of G with two bad vertices. The manifold is no longer 
sleek, but one does recover that Tw induces an isomorphism H + (G, s) = HF+ ven {— Y, s), where the 
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even grading is with reference to the canonical Z/2Z-grading. 

Also found in [201 is an algorithm for finding the rank of Ker U on HF + (— Y, s) that identifies 
this set with the set of full paths of characteristic vectors ending in condition (2), according to 

Definition 2.2. A full path of vectors, Kq, K\, . . ., K n , is one where 

• Kq satisfies 

m(vi) + 2 < {K ,Vi) < -m(Uj) 

• Ki + \ is K{+2PD[vj] where (Ki, Vj) — —m(vj). When this occurs we will write Ki+\ ~ Ki. 

• K n satisfies either condition (1): there is a vertex v such that (K n ,v) > —m(v), or 
condition (2): for all vertices m(vi) < (K n ,Vi) < —m{vi) — 2. 

It should be noted that all the vectors in a full path induce the same grading change in their re- 
spective cobordism maps. 

There is another source of sleek negative definite four manifolds, which we will use later. In |21j . 
[T%] P. Ozsvathand Z. Szabo study the homology of the branched double cover of non-split links in 
S 3 . Let be the double cover of the link L. In particular, they prove 

Proposition 2.3. For an alternating non-split link L, there is a sleek negative-definite cobordism, 
X L , from S 3 to S(L). 

We will review the construction of Xl when we need it later in the paper. When L is an alternating 
knot, E(L) is an L-space and Xl can be found so that I is its Goeritz form. This can be generalized 
to quasi-alternating links, [21] • It should be mentioned that the algorithm described above, based 
on full paths, does not apply to this case. 

Finally, it should be noted that in another extension is given for W(G) which is negative 
semi-definite with one dimensional kernel. It should be possible to combine this with results of 
to obtain a similar theorem to the one in the next section, interchanging the plumbing piece with a 
rational homology S 2 x D 2 , but the statement is not as clean, and the author knows of no non-trivial 
examples. 

3. The Effect of Certain Blow-ups 

Theorem 2. Let Xb C W be a closed, oriented, smooth four manifold with &^~(Xb) > 1 equipped 
with a Spin -structure, u. Suppose Xb contains, as a codimension submanifold, a rational homol- 
ogy ball B whose boundary Y = dB satisfies 

(1) Y is a rational homology sphere 

(2) If s = u\y then any element in HF^~ ed (Y,s) has maximal absolute grading less than — 1. 

(3) Y is the oriented boundary of a sleek negative definite four manifold W . 

then, for any ip G Diff + (Y") the four manifold Xq — (Xb — B) W possesses a Spin structure 
Uc for which 



®(X B ,u) = ±$(X c ,u c ) 

Note: 

(1) We will denote u\x b -b by uo- 

(2) $ is only defined up to sign, and thus the equality at the end is as good as can currently be 
expected. 
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(3) The statement is that they are equivalent as maps. A short Mayer- Vietoris argument for 
homology with rational coefficients shows that H\(Xb — B; Q) — > H\(X \ Q) is an iso- 
morphism. Choosing a basis for H\{Xb — B; Z) can then be shown to provide a basis for 
#i(X ; Z)/Tors. 

(4) The proof will be given for the case where Tyy induces an isomorphism with HF+ en (— Y), 
as this subsumes the other cases. 

Proof: Since s extends across a rational homology ball, d(Y,s) = 0. Let t = ip*s, then d(Y,t) = 0. 
By our assumptions on Y, HF + (-Y,t) = T + HF^ ed (—Y, t), since d(-Y,s) = -d(Y,s), and thus 
HF+ en (-Y, t) includes the image of HF°°(-Y, t) . 



K 2 + b 2 (W) 
max 

{/feChar t (G)} 4 

-b^{W) and the Spin c structure uk restricts to t on Y. 

Let W — A U B where the gluing occurs along a rational homology sphere. Let c £ H 2 (W; Z) 
be a characteristic element. R. Fintushel and R. Stern, 0, argue that this occurs if and only if the 
restriction of c to each of A and B is characteristic. Thus, there is a characteristic element on Xq 
found by gluing K to the restriction of u, by way of ip. 

If we consider the map F^ u : 7q + © HF^ ed (—Y,t) — > , we see that for K the grading shift 
is 0. Furthermore, this occurs for any K with the properties so far described. 

We now use the map TV and apply it to £ the generator of the 0-graded part of 7q + in HF + {—Y, t). 
We can find this generator by taking U n ^2n where £2™ is the generator of the 2n-graded part, for 
large enough n. Since T + is an isomorphism of graded Z[[/]-modules we see that: 

deg^(K) = 

when 4>^(K) ^ 0. Suppose cpt(K) — for all K with K 2 = — b2(W). For every other K', restricting 
to t on Y, the right hand side is < 0. Thus, F^ u / (£) = since the non-zero elements of have 
grading > 0. Thus 4>£ = as a map in H + (/, t). This contradicts that Tw is an isomorphism. 

Thus, there must be a K, with K 2 = -b 2 (W) so that F£ UK (g) = £' ^ where £' is in the 
degree part of 7^ + . Furthermore, E^ n Tv|/ Ujf = £' must be primitive, for if it equalled kis, 
then ^0 would also define a map in H + (7, t). This would correspond to an element in the 0-graded 
part of the tower in HF + (— Y, t) such that multiplied by k we obtain £, a contradiction. The map 
will then be an isomorphism of towers. However, it may also be non-trivial on an element of 

hfU-y,b) 

Dualizing this map we can calculate F^ s as a map from HF~(S 3 ) — > HF~(Y, t). We employ the 
duality pairing in ^7]. Let ^(-2) be the generator of the T~ 2 tower as a Z[/7]-module, and let ©(-2) 
be the same for the tower in HF~(S 3 ). Let S be any element in HF~ ed (Y.i). Then the duality 
pairing states: 



Since d{Y, t) = 

d(Y,t) = 

there is some K where K 2 = —b 2 (W) = - 
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(^u A .(0,©(-2)) = (e,^ UK (e ( _ 2) )) 

but (£', 0(_2)) = ±1, so F^, G -, Uk (6(_ 2 )) = ± 1 4 r (_2) + U where I? is some element in the reduced 
homology. However, since S has grading < —2, as the connecting homomorphism lowers grading by 
1, and F^- preserves grading, we have that F^ u (0(_ 2 )) does not have a portion in HF~ ed (Y, t). 
The image of f7 n -0(_2) lies in the tower, Tj 2 , by Z[{7]-equi variance. Thus the composition f*°F^ SK 
will be a grading preserving isomorphism onto the tower part of HF~(Y,s). 

On the other hand, we have already seen that, under our assumptions, the image of F~ u , is a 

grading preserving isomorphism onto the T~ 2 portion of HF~(Y,s). If we let Uo be the restriction 
of u to W — B, then from appendix El we know that 

$A B ,u = $X B -B,u °F- Mb (& { _ 2) ) 

and 

^C,U'#„«K = $Xb-B,u °f* ° F w ^ K {0(-2)) 

We have shown that both of the right hand sides reduce to 

±$X B -B,u (*(-2)) 

where ^(-2) generates the Z[J7]-module HF~(Y,s). 
Note: By the degree formula for a homogeneous <f> we have 

For K restricting to 5 as above, we know that K 2 + 62 (WO < 0, thus d > 0. Each element of 
HFZ,J—Y,s) induces a homogeneous <j> of the same grading under the grading preserving isomor- 
phism T + . Thus, the minimal grading in HF^~ ed (—Y,s) is 0. By duality, this implies that the 
maximal grading in HF~ ed (Y,s) is —2. The assumption in the theorem corresponds to requiring 
that it be < -2. 

The four manifold invariant, $, was extended to four manifolds with b\ = 1 in |14j . In this case, we 
need a choice of a line C C Hi(X, Q) where w <E C has w ■ w = 0. One then splits X = X\^nXi 

along a three manifold N with the property that H2(N, Q) ^ C C H2(X, Q). It is shown in ^3] 
that only the choice of C, not TV, affects the invariant $x,u,£- The argument in theorem [2] extends 
immediately to this setting as long as N can be chosen to avoid B (or C). However, a Mayer- Vietoris 
argument shows that H 2 (Xb; Q) — H2(Xb — B; Q) so this will always be possible. We have 

Corollary 1. In the setting of Theorem^ but with b~^(Xs) = 1 and a choice of a line. C C 
B-2{Xb — B\ Q), of square zero homology classes, for each u on Xb there is at least one Uc on Xc, v 
extending Uo and having the property that, for every <p G Diff + (y), 
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We can simplify the conditions of the theorem in certain circumstances. For instance, as a conse- 
quence of |14) . if G is a negative definite plumbing graph along a tree that additionally has no bad 
vertices, then Y is an L-space. Using this fact, in ^1J, P. Ozsvath and Z. Szabo prove 

Proposition 3.1. LetY be a Seifert fibered rational homology sphere with Seifert invariants (b, f3\/a\ 1 
. . . , Pn/cn n ) with o.i > 2 and < [3i < on and (ct!j, /3j) = 1. Then Y bounds a plumbing of sphere 
bundles defined by a weighted graph, G, that is star-like with central node having weight b and whose 
i th ray is labelled with the "Hirzebruch- Jung" fractional expansion of 0i/(Xi ■ If b < — n then G is 
negative- definite and Y is an L-space. 

We can then state, as a result of Theorem [21 

Corollary 2. Let Y be a Seifert fibered rational homology sphere with b < —n that also bounds a 
rational homology ball B. If B C Xb where Xb is a closed, oriented four manifold with o\{Xb) > 1 
then, for any u € Spin c (XB) and for any ip E Diff + (Y) the four manifold Xq = {Xb — B) \J V W(G) 
possesses a Spin c structure uc for which 

$(Xb,u) = ±$(Xo,tlo) 

where, if b\(XB) = 1 these are each computed with reference to an appropriate line C C H^iX-B — 
B;Q). 

This theorem addresses three manifolds with positive scalar curvature and the negative definite man- 
ifolds found from their presentation as Seifert-fibered manifolds, The reader who is interested 
mostly in examples may want to skim the next few, largely formal, sections. 

4. Ozsvath- Szabo Simple Type 

We follow [H] in saying 

Definition 4.1. A Spin c structureu on a closed, oriented, smooth four manifold, X, is an Ozsvath- 
Szabo basic class if $x.u ^0. X is Ozsvath- Szabo Simple Type if D(X, u) = for every basic 
class, see avvendixVA^ for the definition of D(X,u). 

Proposition 4.2. If Xb satisfies our standing assumptions and Xq is simple type, then Xb is also 
simple type. 

Proof: Suppose that <&x B -u B ^ as a map. By our main theorem we can choose an extension 
of Uo to Xc by a Spin c structure which pulls back to W with characteristic vector K satisfying 
K 2 = — 6 2 (W0. Call this Spin structure Uk- 

Furthermore, <frx c ,u K ^ an d thus D(Xc,Uk) = 0. However, 

4D(X c ,u K ) - Cl K) 2 - (2 X (X c ) + 3a(X c )) 
= a (u ) 2 + K 2 - (2 x(X B ) + 2b 2 (W) + 3 <t(Xb) - 3b 2 {W)) 
= AD{X B ,u B ) + K 2 - 2b 2 (W) + 3b 2 (W) = 4D(X B ,u B ) 
hence D(Xb,Ub) — 0. Thus Xb is simple type. 

This argument also shows that D(Xc,Uk) = D(Xb,u) if we extend Uo as in Theorem There is 
a partial converse to this proposition: 
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Proposition 4.3. Suppose that ub has D(Xb 1 ub) = 0, then $x CiU ^ for an extension of uq to 
X c only if D(X C ,u) = 

Proof: Let Uk be the extension used in our main theorem, with K 2 = — 62 (VK) on W. Let uk> be 
any other extension of Uo to W. Then K' — K = 2PD\V] for some V in the span of the Poincare 
duals of the spheres in the cobordism. 



If we calculate D(Xc,Uk) and D{Xc,VLk') we find that 



(1) D{X c ,u K ,)-D{X c ,u K ) = {K,V) + V-V 

However, 

(K,V)+V-V = ^((K+ 2PD[V}) 2 - K' 2 ) =-((# + 2PD[V}) 2 + b 2 (W)) < 
The last inequality comes from using K + 2PD[V] in 

d (Y,t)= max K2 + h ^ 

{if£Char t (/)} 4 

The proof of the previous proposition shows that D(Xc, Uk) = D(Xb,Ub), hence if Xb is Ozsvath- 
Szabo simple type then so is Xc for the lifted Spin c structures. 

5. Other Extensions of the Sjmti^-structure 

Throughout this section we assume that u|y is an L-structure. Results such as we will prove can 
be adapted if all the reduced homology is in sufficiently negative grading relative to D(Xg,u). 

The other Spin c structures on W restricting to s on Y occur in the orbit of Uk under the ac- 
tion of Ker(H 2 (W; Z) -> H 2 (Y; Z)). That is, by the lattice generated by PD[v,} for all i. In fact, 
the K in the theorem can be chosen from the set of K satisfying Vi ■ U, < (K, Vi) < —V{ ■ Vi. 

We can extend the maps to the other elements in the orbit of K by the relationship defining 
</>. Namely, if 



2n = (K, v) + v ■ v 



and n > then U n (j)(K + 2PD[v\) = <f>(K), but if n < then <j>(K + 2PD[v]) = U- n <j){K). 

Running back through the implications, we arrive at the fact, also obtained by the adjunction 
property of that , = U n F^y UK for some n. It is important that the elements of 

H2(W : Z) are represented by spheres. Were u not to restrict as an L-structure, the action of 
U could mask potentially deleterious reduced homology; this is the cause for our cautionary as- 
sumption. If K' — K = 2PD[V] where V € H2(W; Z), we can compute n using equation ^ the 
grading shift formula. Since the action of U shifts grading by —2, we have 

(K, V) + V ■ V 

n = 

2 

We have shown the following corollary: 
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Corollary 3. Under the assumptions of Theorem^ we have 

(K,V) + V-V 

*(X fl ,u)(7) = ±®(x c ,u K ,)(U 2 -7) 

when u|y is an L-structure. Here Uk' is the structure in Spin c (Xc) obtained by extending by 
K + 2PD[V] instead of K. 

This should be read as applying as long as the U* ■ 7 still has non-negative degree. Since (K, V) + 
V ■ V < this provides an improvement on Theorem |2 when D(Xb,u) > 0. 

6. Taut Configurations 

We follow [5] in the definition 

Definition 6.1. Let W C X be a codimension 0-submanifold of X . We say that W is tautly 
embedded relative to a structure u € Spin c {X) if the characteristic class, K , of u\w(g) satisfies 

\{K, Vi )\ +Vi-Vi < -2 

We will say that W is tautly embedded in X if it is tautly embedded relative to the Ozsvdth - Szabo 
basic classes of X . 

Due to the adjunction inequalities in |17| . |14j . this is only a meaningful restriction when v is a 
sphere of negative self-intersection. It is illuminating to consider the case when we have a plumbing 
of spheres along a tree with corresponding four manifold W(G): 

Lemma 4. Suppose that G has m{vi) < —1 for every vertex and that W(G) C X. That W(G) is 
tautly embedded relative to u implies that there is a Stein structure on W(G) whose induced Spin 
structure agrees with u\w(G)- 

Proof: If one draws the Kirby diagram for the tree plumbing, the assumptions allow us to find 
a Legendrian link diagram for W(G), where Li represents Vi, the framing on each component is 
tb(Li) — 1, and the rotation number satisfies rot(Li) = (K, The latter is possible since, by 

assumption, the K values satisfy the Thurston-Bennequin inequality. In this diagram all the attach- 
ing circles are along a horizontal line, with branches from the same vertex nesting, see the solution 
to exercise 6.3.9(e) of @]. By results in 0], the first Chern class, ci(J), of the Stein structure given 
by Legendrian surgery on this link also has rot(Li) = (ci(J), [vi]). 

Lemma 5. Each basic class u on Xb which restricts to an L-structure on OB can have at most 
one lift to Xq relative to which W(G) will be tautly embedded. 

Proof: Let s = u|y where Y = dB. Since s is an .L-structure by assumption, there is precisely one 
full path of characteristic vectors on W, restricting to ip*5, constructed from the algorithm in |2(J| . 
and terminating in condition 2 above. If the inequalities 

vi ■ Vi + 2 < (K, v^ < -Vi -Vi — 2 

are satisfied, the full path consists of precisely one vector, K, as the algorithm terminates immedi- 
ately. 

This will not be true outside the tree plumbing setting. 



RATIONAL BLOW DOWNS IN HEEGAARD-FLOER HOMOLOGY 



11 



Proposition 6.2. Suppose W(G) is tautly embedded in Xc> with dW an L-space, then for each 
basic class u on Xb, there is a unique lift u to Xc such that 

On the other hand, we can always choose the lift K to be the original vector in a full path terminating 
in condition 2. If HF^ ed ^ 0, we choose the path with K 2 = — b2{W). If that path contains more 
that one vector, then we can find a number of lifts equal to the cardinality of the path. Each of 
these vectors will have K 2 = — b 2 (W) by construction and 

(j>{K + 2PD[v\) = <j){K) 

implies that the <fi generated by the lowest degree element in the tower of HF + (— Y, s) will induce 
an isomorphism on homologies. These lifts will also preserve the simple type condition. 

7. Examples 

7.1. Blow-up/Blow-down Formulas. In this case, B 
multiplicity. If v represents the homology class of the - 
cohomology class, then PD[v] = — e. We know that K = 
path, for which the formulae above provide 

where 7 = U m (g) h. This is the blow-up formula from |17j . 
This comports with the calculation for D(s n ) where we have 

D(s n ) = D(s) - (n 2 + n) 
If D(s) > then it is possible for there to be non-zero invariants for n ^ ±1. 

7.2. Generalized Rational Blow-Down. We verify the formulas for the generalized rational 
blow-down as defined by Jongil Park, [221, in his extension of the rational blow-down of R. Fin- 
tushel and R. Stern, [2]. 

Consider the lens space —L(p 2 ,pq — 1) where 1 < q < p and (p, q) = 1. A. Casson and J. Harer, pQ, 

2 

showed that this bounds a rational homology ball B pq . Let p p q _i = [bk, bk-i, ■ ■ ■ ,b\] where bi > 2. 
Then —L(p 2 ,pq — 1) also bounds the four manifold, C v>q found from a linear plumbing of 2-sphere 
bundles with Euler numbers — bk, ■ ■ ■ , —61, as in the diagram 

-bk -bk-i -b k -2 . . . -h 
• • • • 

Suppose X( c ) = Cp.q U X' ', then the generalized rational blow down of X^ along C Ptq is the four 
manifold Xn,\ — B p q U X' . The case when q = 1 is the original rational blow down described by 
R. Fintushel and R. Stern, [2]. This is uniquely defined as every diffeomorphism of —L(p 2 ,pq — 1) 
extends to the rational homology ball. 

In [22], J- Park calculates the various algebraic topological facts about these manifolds. In par- 
ticular, ni(B Piq ) = Z/pZ and we can choose bases so that the inclusion homomorphism 



= B and G is a single vertex with — 1- 
— 1-framed sphere, and e is the hom-dual 
= (2n + l)e. These all lie in the same full 



12 



LAWRENCE P. ROBERTS 



i* : H 2 (B^ q ; Z) Z/pZ -> H 2 (L(p 2 ,pq - 1); Z) Z/p 2 Z 
is given by n — > np. This could also be deduced from the Owens-Strle result mentioned earlier. 

As dW(G) is a Lens space, the conditions of the theorem apply, verifying that the generalized 
rational blow down results will hold in the Heegaard-Floer theory. 

I. In 2, it is shown that there is a copy of 6*2,1, an embedded sphere with self-intersection —4, 
in E(2) for which Xb is diffeomorphic to 3CP 2 #18CP . The latter divides along S 3 into two 
pieces each with > and thus $ = for every Spin c structure. On the other hand 3?s(2),u = 1> 
|14| . for the Spin c structure with trivial first Chern class. For the graph, G, with one vertex of 
multiplicity —4, we need only consider K with K = —4, —2, 0, 2, 4 when paired with the sphere. For 
these, K 2 + 1 = only for K = ±2. However, the basic class for E(2) restricts as K = 0. Thus, 
upon removing 6*2,1 and replacing it with i?2,i, the restriction of the basic class does not extend. 
For those classes which do extend, both ^ 3 cp2^ 18 cp 2 u / = an d ^e(2),u' = 0; m keeping with the 
theorem. 

II. We consider the plumbing diagram for Cs,3 whose boundary is — L(25, 14). 

-3 -5 -2 
• • • 

For this plumbing 

/ 14 3 1 \ 

There are 30 classes with m(vi) + 2 < (K,Vi) < — m(«i), but only the five classes 

(1,3,0) (-1,-3,0) (3,-1,0) 
(-1,1,2) (1,-3,2) 

give rise to characteristic classes with K 2 = —3. The restriction of these to — L(25, 14) also extend 
to the rational ball B 5y3 since there are 5 structures which do extend. Two, (1, 3, 0) and (—1, —3, 0), 
correspond to Stein structures on W(G), while the other three occur in full paths of length 2. 

(3,-1,0) ~ (-3,1,0) (-1,1,2) ~ (-1,3, -2) (1,-3,2) ~ (1,-1,-2) 

In [22] There is an embedding of into ^(3)#2CP . However, as there, we know that the 

2 

basic classes on E(3) are ±PD[f], [H], and so the basic classes on i?(3)#2CP are, up to sign, 
PD[f] + a\e\ + a2&2 where a, = ±1. The spheres have the form s, / — 2ei — e2 and ei — e^, so the 
basic classes applied to these spheres give (1, 2a\ + a 2 , — a\ + a%). Choosing at = a% = 1 provides 
(1, 3, 0). This and its negative are the only two of the five which can occur, and thus will determine 
the basic classes on Xb- It is illuminating to compare this with the calculation in |22|. 



III. Log Transforms We assume that all our four manifolds are simply connected and are simple 
type, with b~^(X) > 1. These can be relaxed somewhat, but merely make the exposition tedious. 
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In S. Jabuka and T. Mark calculate the Ozsvath-Szabo basic classes for elliptic surfaces. They 
consider the formal generating function 

OS{X) = $ i*>e Cl(u) 

u£Spin c (X) 

which is an element of Z[H 2 (X; Z)] under our simplicity assumptions and prove that 0<S(E(n)) is 
supported on the non-zero terms of (e 2 I T l — e -2 ^)" -2 where [T] is the Poincare dual of the fiber 
class. As the Ozsvath-Szabo four manifold invariant does not have a canonical sign choice, using 
the formal generating functions directly is problematic. However, as a consequence they show that 
the Ozsvath-Szabo basic are the same as the Seiberg-Witten basic classes. 

We can now follow the argument in |2], see also 0], to establish that the Seiberg-Witten invariants 
of manifolds found by log transform on a fiber class in an elliptic surface equal the Ozsvath-Szabo 
invariants for each Spin c structure. In 2 , it is shown that if X is an irreducible, closed four manifold 
that is simple type and contains a 0-framed torus in a cusp neighborhood, there is an embedding 
of C Pi i in X^(p — 1) CP , which, when rationally blown down, yields a manifold diffcomorphic to 
that obtained by the logarithmic transform of multiplicity p on the torus. We have the following 
analog of their theorem: 

Theorem 3. Let Xb be the result of blowing down this configuration (and thus be the result of a 
p-log transform on the torus), then 

$X B ,L+sF p = ±®x,l s = -p+ 1, -p + 3,. .. , p- 1 

where F p is the Poincare dual of the multiple fiber in Xb obtained from the p-log transform. 

As usual this rests upon the observations that, if L is a basic class for X, then Lj = L + ^2 J(i) ej 
with J{i) = ±1 are the basic classes for X#(p— 1) CP In j2] it is shown that Lj\x-c has a unique 
extension to X B as L+\J\ F p <E H 2 (X B ; Z) where \ J\ = J] J{i). This can be verified by the handle 
arguments below. 

Together these allow us to compute the invariants for multiple log transforms on distinct fibers 
of an elliptic surface. In particular, we know that the Ozsvath-Szabo basic classes for E(n) p q for 
(p, q) = 1 are the same as the Seiberg-Witten classes, and up to sign, the invariants agree. The 
specific classes are listed in Theorem 3.3.6 of 0J. 

7.3. Wahl-type Plumbing Diagrams. In [33], Z. Szabo and A. Stipsicz show that the only plumb- 
ing configuration of spheres that can be placed in a symplectic configuration are those of J. Park, 
considered previously, and a class discovered by J. Wahl, 121], and depicted in Figure ^ The latter 
are also known to bound rational homology balls, When the configuration is symplectic it can 
be rationally blown down to obtain a symplectic structure on Xb- That the theorem applies to 
this configuration follows from the observation above that a tree with no bad vertices represents an 
L-space. We make some observations about the topology of these manifolds and then analyze some 
of the simplest cases. 

7.3.1. In the preceding we relied upon the incidental correspondence between classes with K 2 = 
— \G\ and those extending to the associated rational homology ball. In the following it will be con- 
venient to have a more reliable way to assert that the classes we find will restrict to structures on 
Y which extend to the ball. For the examples from [2], [22] , and |2E], we can find such a criterion 
by noting that in each case the rational homology ball is a Mazur manifold. Thus adding a single 
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-(P+1) 
• • 



r-3 



-(r + 1) 



q-3 



-(9+1) 



-4 



p-3 



Figure 1. Each unlabelled vertex represents a — 2-sphere and the braces indicate 
how many occur along each branch, excluding the one depicted. We assume p,q,r > 
2 and count the number of spheres as if it is negative. 




b - 2 



Figure 2. The handle addition for constructing a rational homology ball from C P) , 



2-handle to Y will give S 1 x S 2 , to which we add a 3- handle and a 4- handle to obtain the homology 
ball. A Spin structure on Y will extend over the rational homology ball as long as it induces the 
trivial Spin c structure on S 1 x S 2 . We will present Y as dW(G), using the relative handlebody 
calculus in [3J, and exploit the descriptions in pp and ||] to find this new handle. Technically, we are 
describing W(G) LIB, so the argument actually finds those s which induce on — Y a Spin c structure 
that extends over B. Changing orientations shows that s will then extend as well. 

Once we have found this handle, we look at the intersection form for the new framed link and 
find a primitive element in its kernel. This element is the coefficient vector for a homology class in 
H2(W(G) U fi2', Z) which algebraically intersects none of the classes from the surfaces coming from 
the link. In this simple setting it must then lie in the boundary, and being primitive, is one of i^ 2 ]- 
We can pair K + ah* with this element, and find those K for which there is an o that makes this 
pairing 0. Such K's restrict to Y in a way that will extend over the rational homology ball. As we 
already know we can limit our search to those K with m(vi) + 2 < {K, u,-) < —m{vi). 

For Park's examples we can use £Q to find the correct handle. For Wahl's examples, we will use [Hj- 
In Figure we depict the handle to be added to obtain B Ptq . To obtain this diagram, we assume 
that q < | . This assumption is innocuous since q + q' = p implies that (pq— l)(pq' — 1) = 1 mod p 2 , 
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Figure 3. Adding the handle in red will give S 1 x S 2 . Note there may be more 
full twists in the handle than depicted; we only need the intersection data. 



and thus —L(p 2 ,pq — 1) = —L(p 2 ,pq' — 1). The following diagram represents a four manifold with 
boundary —L(p 2 ,pq — 1) 





p-q 



V 



The assumption on p and q allows us to write 

[-1. 



p-q 
p 



-1, -1, 



-1, -3, oi, . . .] 
E] = [-1, -1, 6, 



where [c, [d\] — c — pj iteratively defines the continued fractions. From a\ on, the terms are < — 1. 
Likewise, — - can be written as a continued fraction with entries < — 1 as p > q. Expanding the 
two fractional surgeries into plumbing chains according to this recipe, and using the handle in pQ, 
produces the diagram in Figure In the case when q = 1, b = —p, we can check that the diagram 
above will give the original rational blow-down plumbing diagram for C Pt \ from ,2 . In this case, 
the homology class from the new handle intersects that from the — (p+ 2)-framed handle —2 times, 
and intersects the first — 2-handle +1 times. For the intersection form including this handle 



(-p, 1, 2-p, 3-p,..., -2, -1) 

generates the kernel, with the new handle listed first and the other handles in left to right order along 
the plumbing. If we restrict to taut embeddings, then K{v\) — —p, —p + 2,...,p and K(vj) = 0. 
Thus, we need to solve —pa + K(v\) = for numbers in the required range, this can only be done 
if a = ±1. Hence, we recover a lemma of [2], see also 0]. 

Following the diagrams through J)^ we find the — 1-framed handle in Figure that will produce the 
rational homology ball. 
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7.3.2. p — 2, q = 2, r = 2. This has plumbing diagram 




We can obtain this configuration in elliptic surfaces with sufficiently non-generic fibers. In particular, 
blowing up the triple point of a fiber of type IV in the list in 5 produces the following configuration 
of proper transforms and exceptional spheres: 









1 












1 




1 









If we let /i, /2, and fs be the three — 2-spheres then / = /i + /a + /3 is the fiber class of the 

2 

elliptic surface. After blowing up 4 times, the classes of the Wahl plumbing in E(n)^A£.P are 
e\ — e-i — e3 — en, f\ — e\, /a — ej., and fs — e\. When we blow down the Wahl plumbing, we reduce 
& 2 -(£W#4CP 2 ) by 4. 

Since the spheres in the type IV fiber can be made holomorphic in E(n), we have that PD[f](fi) = 0. 
The basic classes of E(n) are L p — (2 — n + 2p)PD[f] for p = 0, . . . , n — 2, so the basic classes of 

£(n)#4CP 2 are then 

T _l_ * _l_ * _l_ * _l_ * 

Ljp It zt 62 -t 6^ zt G^. 

where e* = — PD\ei\, These pair with the classes in the Wahl plumbing as (2, 1, 1, 1), (0, 1, 1, 1), 
(—2, 1, 1, 1), and (—4, 1, 1, 1) and their conjugates. Notice that for (—4, 1, 1, 1), the configuration is 
not tautly embedded relative to the corresponding basic classe: L p — e\ + e* 2 + + e\. 
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We can calculate 



P = 



V 



1 \ 

o 
o 

-3/ 



81 



/ 27 9 9 9 \ 

9 30 3 3 

9 3 30 3 

\ 9 3 3 30 J 



Y will have \H 2 (Y; Z) = 81, and 9 of the Spin c structures on Y will extend. We need to consider 
the 108 vectors in {-2,0,2,4}x {-1,1, 3}x {-1,1, 3}x {-1,1,3}. 



Following our previous prescription, we enhance the intersection form by 



P' = 

\ 



-4 




1 




1 


1 


-3 








-1 


I— 1 





-3 





1 


1 — 1 








-3 





1 — 1 


-1 


1 





-1 



This matrix has rank 4 and kernel generated by (3, —2, 4, 1, 9). We need to find those of the 108 
vectors such that 

3 ai — 2 <i2 + 4 a$ + = mod 9 
We can eliminate many by noticing that this requires a 2 + a 3 + 04 = mod 3. It is then easy to 
check that the two vectors (2, 1, 1, 1) and (—2, —1, —1, —1), a conjugate pair for which W(G) will 
be tautly embedded, satisfy the relationship. Among those for which W(G) is not tautly embedded 
we can find the remaining 7: (-2, 3, 1, -1), (0, 1, 3, -1), (4, -1, -1, -1), (-2, 1, -1, 3), (0, 3, -1, 1), 
(—2, —1, 3, 1) and (0, —1, 1, 3). All have square —4. However, 



(-2, 3, 1, -1) ~ (0, -3, 1, -1) (0, 1, 3, -1) ~ (2, 1, -3, -1) (4, -1, -1, -1) ~ (-4, 1, 1, 1) 
(-2, 1, -1, 3) ~ (0, 1, -1, -3) (0, 3, -1, 1) ~ (2, -3, -1, 1) (-2, -1, 3, 1) ~ (0, -1, -3, 1) 

(0,-1, 1,3) -(2,-1,1,-3) 

At this point, the Z/3Z-symmctry of the original plumbing diagram has been lost, due to our 

breaking the symmetry in the handle addition used to describe the rational homology ball. The 

boundary of this ball has a Z/3Z symmetry, and this handle indicates how, relative to the symmetry, 

2 

the ball is glued when replacing W(G). In our example, i?(n)#4CP , the only basic classes which 
will extend over the ball are 

7~ ^ ♦ + ^ 7~ 1 ^ t ^ t ^ 1 ^ 

J-'p ~ e \ ~ e 2 — e 3 — e 4 l, v -f- e x -+- e 2 -+- e 3 -\- e 4 
Lp e| -)- €2 63 e\ Lp e\ + e 3 -|- e 4 

The last two, however, differ by 2PD[v] where v is the —4 sphere. Hence they restrict to the 

complement of W(G) as the same Spm c -structure, and extend to Xb as the same structure. Thus, 

Xb will have three times the number of basic classes as E(n) determined by how they restrict to 
2 

B in E(n)^ACP . The manifold Xb will be minimal. The configuration is that of blow ups of 
holomorphic spheres and the exceptional curves, and thus can be made symplectic. Hence Xb is 
symplectic with canonical class being the extension of Lo + e\ + e 2 + + e\, as this is the canonical 

class for _E(n)#4CP 2 . Through the following steps we see that Xb is simply connected. Since 
B is a Mazur manifold, it will have cyclic fundamental group equal to its first homology, Z/9Z. 
On the other hand, this needs to be a subgroup of the first homology of the boundary, which is 
Z/3Z © Z/27Z. If we let mi be the meridian of the attaching circle of the —4 sphere, and TO2, 
and 7714 be those of the other spheres; then the first factor is generated by ni2 — and the second 
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factor is generated by mi- When we add the additional handle to define the ball we establish that, 
in B, 77i2 — rn^ = mi. As the former has order 3 and the latter order 9, we find that m\ has order 
3 in B. On the other hand, 3m2 = mi, so will have order 9 and thus generate both the first 
homology and the fundamental group of B. However, in E(n) — N(f), m-i is just the intersection of 
a section with the boundary, and thus contractible. By the Seifert-Van Kampen theorem, Xb will 
be simply connected. For more meaningful examples of blowing down Wahl type plumbings, see jxj- 

7.4. Other Examples and Branched Double Covers. 

I. Returning to the generalized rational blow down, it can be seen that if —L(p 2 ,pq — 1) bounds B, a 
rational homology ball, then L(p 2 ,pq—1) bounds B. So for each of the Lens spaces given above, their 
reverse orientation can also be used. For example, —£(25,4) = £(25,21) = —£(25,19) = £(25,6). 
Thus, —£(25,6) bounds a rational homology ball and the negative definite manifold 

-5 -2 -2 -2 -2 -2 
• • • • • • 

Clearly, the main theorem will now also apply to these cases. In addition, these Lens spaces occur 
as the double branched covers of S 1 with branch locus IO3 for £(25,6) = £(25,21) and IO3 for 
£(25, 4) = £(25, 19). Several other of the generalized rational blow downs occur as branched covers 
of slice, alternating knots with fewer fewer than ten crossings. 61 is the first, with double branched 
cover £(9, 2) = £(9, 5); its mirror has branched cover £(9, 7) = £(9, 4). The mirrors of 8s, IO22 and 
IO35 provide the Lens space boundaries for 65,2, CV,2 and CV,3- Of course, the knots themselves also 
yield Lens spaces upon finding the double branched cover, and these also bound negative definite 
plumbings and rational homology balls. 

These considerations suggest how to find more examples. According to [21] the branched double 
cover of an alternating knot bounds a negative definite four manifold with the requisite properties. 
If the knot is also slice, the branched double cover will also bound a rational homology ball. For 
instance, the Wahl example above arises as the branched double cover of the alternating slice knot 
IO75, with one of its orientations. In this setting the main theorem becomes: 

Corollary 4. Let K be an alternating, slice knot in S 3 . Let Xk be the negative definite manifold 
constructed in |2()| bounded by £(£T), and let Bk be the rational homology ball found as the double 
branched cover of B 4 over the slice disc. Then, for any cp 6 Diff + (£(A')) the four manifold Xq = 
(Xb — B) U v Xk possesses a Spin structure Uc for which 

*(I b ,e) = ±$(X c ,u c ) 

II. The branched double cover of the knot 89 is £(25, 7), a lens space to which J. Park's results do not 
apply. 89 is a fully amphichiral, alternating, slice, two-bridge knot. Thus £(25, 7) bounds a rational 
homology ball (the branched cover of B 4 along the slice disc), a negative definite manifold, and is 
oriented diffeomorphic to itself with reverse orientation (£(25, 18)). For this reason we will be lax 
about orientations in gluing. Furthermore, by the results of Bonahon it has symmetry group Z/4Z, 
induced by this diffeomorphism and that from the branched covering. Thus, relative to the orienta- 
tion from the four manifold we are blowing up/down, there will be only one way to glue the rational 
homology ball into the manifold. Since this is also a Lens space we already have enough to draw the 
conclusion of the main theorem. However, it is useful and interesting to delve more into the topology. 
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-1 



Figure 4. 

First we record the negative definite plumbing diagram for — L(25, 7): 

-4 -3 -2 -2 
• • • • 

It is straightforward to check, using the methods so far described, which vectors K both initiate full 
paths and have square —4. Written with their full path they are: 

(4, -1,0,0) ~(-4, 1,0,0) 
(2, -1,2,0) -(2,1,-2,2) -(2,1,0,-2) 
(0,1,0,2) - (0,1,2,-2) - (0,3,-2,0) - (2,-3,0,0) 
(-2, 3, 0, 0) - (0, -3, 2, 0) - (0, -1, -2, 2) - (0, -1, 0, -2) 
(-2, -1,0, 2) - (-2, -1, 2, -2) - (-2, 1, -2, 0) 

Since 89 is slice, the branched double cover also bounds a rational homology ball, B. Later we will 
present B explicitly. For now we employ our example. Consider the elliptic surface £'(4). It has a 
section with self-intersection —4. We can find a realization of E(A) with a type IV fiber, consisting 
of three —2 holomorphic spheres intersecting at a point. Since the section intersects the fiber once 
homologically, and all these sub-manifolds are holomorphic, the section intersects only one of the 
three —2 spheres. We blow up the triple intersection point, and then twice blow up the intersection 
of the exceptional spheres with one of the —3 spheres not intersecting the fiber. This is schematically 
described in Figure^ Starting with the —4 sphere, and working up and to the right, we encounter 
a copy of our plumbing diagram. This we will remove and replace with the rational homology ball. 
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n 



) 



Figure 5. The rational homology ball on the left has boundary — £(25, 7). It is in 
the class on the right when n = 1, m = 4. The framing on the two handle on the 
right is n — m. 

Let / be the homology class of a generic fiber. Then f = fx + + H where fa is the homol- 
ogy class of one of the —2 spheres intersecting at the triple point. We choose /i to intersect the 
section s. Since these are holomorphic spheres, any basic class pairs with them to give 0. Otherwise, 
the basic classes are L- 2 = —2PD[f], and L 2 = 2PD[f]. When we blow up three times the new 
basic classes are 2PD[f] ± e\ ± e 2 ± e?j and e\ ± e 2 ± e| up to conjugation. The spheres in the 
plumbing diagram are s, /1 — e\, e\ — e 2 , and e 2 — e-3- Finally we note that PD[fi](fi) = —2, but 
PD[fi](fi) = +1 for i = 2,3. We can then check by pairing these homology classes with the basic 
vectors that L 2 + e\ - e 2 - e^, L 2 - e\ + e 2 - e^, and L 2 - e\ - e\ + eg restrict to W(G) as the 
three characteristic vectors K in the second full path above. Thus, upon blowing down, we will 
have an extension with non-trivial four manifold invariant corresponding to L 2 . By conjugation, 
there will also be one corresponding to L^ 2 arising from the last full path listed above. None of the 
other basic classes on Xc will give rise to basic classes on Xb ■ In particular the resulting manifold 
has two basic classes. It is then straightforward to check that x(Xb) = 47 and (j(Xb) = —31. 
In particular, this is not homotopy equivalent to an elliptic surface or a log transform of one. It's 
not clear whether this manifold is minimal; however, it is simply connected. We will see below 
that a generator of the fundamental group of B is the meridian of the first —2 sphere (starting from 
the —4 end) . However, from the diagram this will contract along a —3 sphere in the complement of B. 

We now turn to characterizing the rational homology ball. In fact it sits within an infinite family 
all of which have interest. In Figure we depict the rational homology spheres, whereas in Figure 
[H]we depict plumbing diagrams with the same boundary. There are several interesting choices of m 
and n. Choosing m = n + 3 gives a family negative definite plumbings with no bad vertices (since 
m > 1), the first of which is the lens space — £(25, 7). When m = n + 1, we can blow down and 
simplify to finally arrive at the plumbing diagram for —L(k 2 , 2k — 1) where k = 2n+ 1. These are 
some of Park's examples. When m — n + 2, the boundary is no longer irreducible; instead it is the 
connect sum of RP 3 with 
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-2 



m — n — 2 



1 



m 



3 



2 



2 



n— 3 



Figure 6. The boundary of the family of rational homology spheres on the right 
in Figure^ The Kirby calculus demonstration has been relegated to the end of this 
paper. The meridian of the m — n — 2 sphere is the generator of the first homology 
of the rational homology ball. When n < 3, we should use a total of n — 1 spheres 
along that branch. 



These are still L-spaces by the connect sum formula, and they still bound rational homology balls. 
For the remainder, if we choose m — n — 2 < —1 we obtain negative definite plumbings with at most 
one bad vertex, so the main theorem still applies. 

For example, IO48 has a Seifert-fibered double branched cover which, with one of its orientations, is 
the boundary of the plumbing diagam in Figure with m — 5 and n = 2. 

III. The knot 941 is the first non two bridge, non Montesinos, slice, alternating knot. Its dou- 
ble branched cover is neither a Lens space nor a Seifert fibered space. It is the third in a family of 
ribbon knots which are all alternating and which we analyze simultaneously. This family appears 
first in ^H] and is used in jS] in a study of equivariant concordance. It can be easily described as 
in Figured from which it is seen that the first is the unknot, and the second the knot 61, analyzed 
above. This family is also interesting since the branched cover of 941 is hyperbolic (verified using 
SnapPea) and the rest are likely to be. Thus these are examples of blow downs which do not rely 
upon positive scalar curvature to succeed. In addition, since the double branched cover bounds 
a negative definite manifold that is not a plumbing along trees, this example escapes the conclu- 
sion of 25 , and thus it is open whether this family may give rise to symplectic blow down operations. 

To be specific, we depict the knot 941 in Figure |H1 In 21 , a construction is given for a sleek nega- 
tive definite manifold whose boundary is E(94i). O ne forms the black/white coloring on the plane 
determined by the alternating projection and the convention that the over-strand at a crossing must 
cross a white region locally, when rotating counter-clockwise to get to the under-strand. We then 
associate one handles in our four manifold to the black regions by drawing a dotted circle in all but 
one black region, and lying in the plane. At each crossing we add a —1 framed two handle to an 
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Figure 7. The knots in the family are built from the units in this diagram by 
taking Z/nZ-cyclic branched covers of S 3 with axis 7. In the complement of 7 wc 
may isotope the knot from the diagram on the left to the one on the right. This 
is done by moving the outer strand in the left diagram to be the middle strand. 
Making an equivariant isotopy shows that the knot in the cyclic cover is alternating 
since the diagram on the right will lift to an alternating projection. On the other 
hand the diagram on the left clearly lifts to a ribbon projection. 




Figure 8. The knot 941 as a ribbon knot (left) and an alternating knot (right). 
This knot has an obvious Z/3Z symmetry, but in fact it has an additional Z/2Z- 
symmetry. 




Figure 9. The result of the construction from [21] applied to 941 (left) and 941 
(right). All undotted unknots have framing — 1. 

unknot looping through the two dotted circles associated to the crossing. By judicious handleslides, 
we may arrange for a tree of dotted circles and unknots which can then be cancelled, leaving only 
two handles. That the result is negative definite is proven in j2J- We show the initial stage of 
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Figure 10. The negative definite manifolds bounded by the branched double cov- 
ers of knots in out family using the conventions of ^8]. If the knot is the n-fold 
cylic cover, then there are n two handles with framing —3, and n two handles with 
framing —2. That for S(94i) is shown on the right. 




Figure 1 1 . The negative definite manifolds bounded by the branched double cov- 
ers of the mirrors of knots in our family. If the knot is the n-fold cyclic cover, then 
there are n — 1 handles with framing —5. That for S(94i) is shown on the right. 



this construction for 941 and 941 in Figure The results for the knots in our family are shown in 
Figures CHI and d 

For 941 we check the vectors K on the negative definite piece such that | (K, Vi)\ < 3 and | (K, Wi)\ < 2 
ehre we have Vi O Wi = +1. The configuration is invariant with S3 symmetry. The inverse of the 
intersection form is then 
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One then finds that (—1,1,1,0,2,0) and its orbit all restrict as Spin c structures with d(s) = 0. 
Likewise for (—1,-1,1,2,0,2) and its orbit, and (—1,1,1,0,2,0) restricts as the conjugate of the 
restriction of (1, —1,-1, 2, 0, 2). This last requires running through the equivalences generated by the 
spheres in the diagram. Each vector gives rise to a path of length 6 before arriving at the conjugate. 
The last set of vectors in this range which give d(s) — are (1,1,1,0,0,0), (—1,-1,-1,0,0,0), 
(1, 1, 1, —2, —2, —2) and (—1, —1, —1, 2, 2, 2), but these all restrict to the same Spin c structure. The 
equivalence in the last pair fits within the full path model, but the equivalence of either of the 
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first two with the last two does not. Nevertheless, there is a class in the second homology whose 
Poincare dual effects the equivalence (it is the sum of all three of the —3 spheres), and this is all 
that is required in |21| . With this caveat, we have found 13 Spin c structures with the desired 
property. When we glue in the rational homology ball we obtain a Z/7Z orbit which extends. 
There are two possibilities depending upon how we glue in the ball. These are found by using the 
(1, 1, 1, —2, —2, —2) structure, which is totally invariant, as a basepoint since by conjugation it must 
be one of those to extend. Taking one of the other vectors, say (1, 1, —1, 0, 2, 0), we examine the 
subgroup generated by the difference with the basepoint. As iJi(S(94i)) = Z/7Z © Z/7Z, this will 
be one of the possible subgroups. The result consists of the restrictions of the following vectors, 
written in the order obtained: 

(1,1,-1,0,2,0) -(-1,1,1,0, 0,2) -(-1,1,-1,0,2,2) -(1,-1, 1,2, 0,0) 
- (1,-1,-1,2, 2,0) -(-1,-1, 1,2, 0,2) -(1,1, 1,0, 0,0) 

The conjugation action reverses the order. The Z/3Z rotational symmetry preserves this subgroup, 
taking the first element to the second to the fourth, and the third element to the fifth to the sixth. 
On the other hand, the Z/2Z symmetry found from a 180° rotation of the figure takes this subgroup 
into a subgroup containing the invariant structure and the other six vectors. Thus there are two 
possible sets of extensions and which one depends upon the gluing through the Z/2Z symmetry of 
S(9 4 i). 

For 94i, one has 



r 1 = 

we can then compute the if -vectors with \{K, vi)\ < 5, \{K,v 2 )\ < 5, and \{K,vz)\ < 3 which also 
give d(s) = 0. These are 

(-1,3,-1)- (1,-3,1) 

(1,-1,-3) (-3,-1,1) 

(-3,-1,3) (3,-1,3) 

(-3,1,-1) (-1,1,-3) 

(3,-1,1) (1,-1,3) 

(3,-1,-3) (-3,1,2) 

(-1,1,3) (3,1,-1) 

Since -ffi(£(94i)) = Z/7Z © Z/7Z, we need to discover which set of 7 will extend for a gluing of 
the rational homology ball into the boundary. We can cut down the options a little by noticing 
that there are two symmetries, conjugation and the obvious Z/2Z-symmetry. These imply that the 
spin structure extends; using it as a basepoint, we need only find Z/7Z subgroups contained in the 
set of vectors with d(s) — 0. Any other vector in this set generates such a subgroup, and it is 
straightforward to check that the two columns are the two subgroups, taken one into the other by 
the symmetry. In fact, if we add 2(0, 1, —2) to the spin structure, we can generate vectors equivalent 
to the first column, and these will specify the Spin c structures on the boundary by restriction. Note 
also that all of these vectors could occur for taut configurations. Using the handlebody diagrams, we 
can find Legendrian links producing Stein structures on the negative definite piece whose canonical 
classes sit within this set. 




IV. There are two other slice, alternating, two bridge knots whose branched covers were not included 
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by J. Park's results. These are 927 and IO42 with double branched covers of L(49, 19) and £(81, 31) 
respectively. Neither are amphichiral, so their mirrors will also provide examples. The remaining al- 
ternating, slice knots that are also not two-bridge are 10g7, IO99, and IO123. Of these, IO123 provides 
the next most likely example to show up in practice. Its branched double cover bounds the negative 
definite manifold found by —3 surgery on a ring of five unknots, each intersecting the next +1 times. 
However, we forgo the analysis for now. 10s7 and IO99 have no such nice descriptions, but their 
double covers can also be found to bound rings of five unknots, with varying surgery coefficients. 

Appendix A. Background on the Four-Manifold Invariants 

We record here the general definition of the mixed invariants for a four dimensional cobordism. 
Let W 4 have boundary —Y\ U Y2 and assume that b\(W) > 1. Let 5 be a Spin structure on 
W. In [H] P. Ozsvathand Z. Szabodefine a map F™* : HF-(Y x ,Si) -> HF+(Y 2 ,s 2 ). To do so, 
they decompose W as W x U N W 2 where b%{Wi) > and SH^N; Z) = in H 2 (W,dW; Z). Such 
decompositions are always available. In this setting one has the diagram: 



F + 

HF+ d (N,s\n) >- HF+ (F 2 , b 2 ) 

F W u s w , 

HF-(Y 1 ,s 1 ) > HF- d (N,s\ N ) 



Note: The conditions on b\ ensure that the cobordism maps occur as presented. This map does 
not depend upon the particular choice of N and defines a map equivariant with respect to the action 
of Diff + (VF) on Spin c structues. Furthermore, there are only finitely many s for which this mixed 
map is not zero. 

When W occurs as the complement of two balls in a closed four manifold, P. Ozsvathand Z. 
Szabouse this map to define their invariants of smooth four manifolds, &x,s, by 

F x-(B 1 uB 2 ), 5 (( un ® 7) • ©(1 2 )) = ±®x, s (U n ® 7)6(0) + (independent terms) 

where Qr.-\ is the standard generator of the homology for S 3 in that grading, within the ±-homology 
as appropriate. Here 7 is an element in A* (Hi(X) /Tors) and the map is zero except on those 
elements whose degree equals: 

n(Y , c 1 (u) 2 -(2x(X) + Sa(X)) 
L)(X,u) - 

where U has degree 2 and an element of Hi(X; Z) has degree 1. 

We will use the map when Y\ is not S 3 , but Y 2 = S 3 . We can then define 

Fxf*({U n <S> 7) • X) = ±$a>([/™ ® 7 ® X)9+ 0) + {independent terms) 
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where X is an element of HF (Yi,Si). 

If Y\ is a rational homology sphere and Wq has boundary equal to Y\ with b±(W) = then the 
formula for compositions of cobordism maps, ^7], implies that 
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Figure 12. The steps in showing the boundary equivalence of Figure |S] and Figure 
El A dot with a number indicates a linear chain of ±2 spheres. If the number is 
positive there are that many +2 spheres; if the number is negative there are minus 
that number of —2 spheres. The sequence at the bottom shows how to ultimately 
remove the +2 spheres in favor of negative self-intersections. 



